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We have studied theoretically the reflection band properties of the twist grain boundary
A phase (TGBA). A 4 x 4 matrix approach for the electromagnetic wave propagation is used.
At normal incidence, simple analytical expressions are found, while at oblique incidence
numerical methods have to be used since no analytical solution is available. The chart of
stability of the propagating waves and the reflection spectra are given and discussed. No
evidence of the incommensurability properties of the TGBA phases can be found optically.
However, the analysis of the output polarization within the Bragg reflection band, on thick
enough samples, allows us to determine the physical parameters characterizing the TGBA
phase. In particular conditions, we can get the rotation A between two homogeneous slabs
and the total optical phase ¢ of one slab. When A¢ and ¢ go to zero, the optical properties
of the TGBA phase become identical to those of the cholesteric phase. The essential difference
appears when Ag and ¢ are increased; an infinite number of reflection bands forms each
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Bragg reflection order, due to the periodicity of the TGBA parameters.

1. Introduction

Helical structures are traditional entities in liquid
crystal (LC) materials. Ordinary LC phases like the chiral
smectic C phase and the cholesteric phase are wisely
used for theoretical and applied studies. During the
last decade, new structures called twist grain boundary
(TGB) phases have been discovered in chiral compounds.
Actually, one can identify three different phases which
have been named TGBA [1], TGBC [2] and TGBC*
[3]. The first two are periodic in one direction, while
the last one is periodic in two orthogonal directions and
will not be considered in this paper. The structural
properties of TGB phases were first formulated in the
theoretical work of Renn and Lubensky (RL) [4, 5]
based on the formal analogy introduced by de Gennes
[6] between the smectic phase in LCs and the Abrikosov
phase in type II superconductors. Figure 1 shows the
structure proposed by Renn and Lubensky for the TGBA
phase which is confirmed by many experiments [ 7-9].
Two successive smectic slabs of thickness /, are discretely
rotated at an angle Ag along a direction parallel to
the smectic planes, say z. The interface between each
slab (grain boundary) is constituted of a grating of
screw dislocations spaced at a regular distance /,.
These dislocations are not observable optically and the
TGBA phase shows then a helical superstructure in the
z-direction which can be characterized by its reflection
spectra. For the TGBC phase, it has recently been shown
that the optic axis of the smectic slab is orthogonal

grain boundary

A

smectic planes

Figure 1. General view of the TGB structure. The smectic slabs
of thickness /, are discretely rotated by an angle Ag along
the z-direction and between each slab (grain boundary) a
grating of screw dislocations spaced at a regular distance
1, takes place.

to the helix direction [2]. The induced biaxiality is
generally negligible and the TGBC structure is then
optically equivalent to that of the TGBA phase.

The information which is provided by the Bragg
reflection band may be analysed, the chart of stability
allowing us to perform a deep analysis of the periodic
medium. Up to now, only a few studies have been
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performed on the optical properties of the TGB phases
[10], even though they are similar to those of Reusch’s
piles [ 11] or of Solc filters [ 12]. The aim of this work
is to study these properties in order to find the structural
parameters characterizing the TGBA phase. To this
purpose, we first review the general theory of electro-
magnetic wave propagation based on the 4 X 4 matrix
approach (§2). An analytical description of the wave
propagation in TGBA phases at normal incidence is
then developed (§3). Finally, before giving concluding
remarks (§5), we discuss the chart of stability which is
obtained for the most general case of oblique incidence

§4).

2. Theory
Let us consider here a geometry where the helix axis

of the superstructure is orthogonal to the boundaries of
the sample, giving rise to a stratified medium. In this
geometry, as is well known, the electromagnetic wave
propagation can be solved using a standard 4 X 4 matrix
approach obtained by a suitable rearrangement of the
Maxwell equations introduced by Berreman [13] for
LC optics. For a monochromatic wave of wavelength 24
propagating along the z-direction, we only have to con-
sider the z-dependence of the field components, because
of the complete translational symmetry properties along
all the directions orthogonal to the z-axis. The propagation
equation to the p-vector, B=(E, H,, E,, — H,),
(t for transpose) containing the components of the
electromagnetic field, is then written as

P ik, Bp (1)

oz
where B is the 4 X 4 Berreman matrix and k, = 2/ In
the case of a homogeneous medium, the Berreman
matrix is z-independent and the solution of equation (1)
is B(z)= U, (z — z,)B(z, ), where U, (z — z,) is the B transfer
matrix over the thickness (z — z,) and is written as

Uﬁ(Z—ZO)ZCXp[ikOB(Z—ZO)]. (2)

It is usually convenient to work with the so-called
a-vectors, which are made up of the amplitudes of four
polarized plane waves propagating in the medium. They
correspond to the ordinary and extraordinary waves
which propagate forwards and backwards. They are
defined such that

p=Ta (3)

where T is the 4x 4 matrix whose elements 7; are
the /" component of the Berreman eigen vector pg;.
The propagation matrix for the o-vectors is then
U=T"'UT

The transmittance 7+ and the reflectance rf are
obtained by applying the projection matrices P, , P_,

onto U, which give the subspaces of the forward and
backward propagating waves, respectively [14]. We
have

tr=P, UP:")!
and
rf=P_U;'P:"H[(P_U;"P-")]". (4)

The electromagnetic wave within the medium can
propagate or be evanescent. These two electromagnetic
states can be referred to as the stable and unstable
solution, respectively. Further, the chart of stability
which gives the instability properties as a function of
the parameters of the system is found by analysing the
transfer matrix of the periodic structure, U,. To that
purpose, an analysis on the eigenwaves of the equivalent
Berreman-matrix [15] or a resolution of the Maxwell
equations according to the Bloch—Floquet theorem [ 16 ]
can be made. However, in our case the stable regions of
the system are found by analysing the properties of the
four complex eigenvalues r;(j =1, ..., 4), of the transfer
matrix U,. These eigenvalues are obtained analytically
and numerically for normal incidence and oblique
incidence, respectively. If |r;|>1 or |r;|< 1 the wave is an
increasing or a decreasing evanescent wave, respectively,
and for |r;| =1 the wave is propagating. If two of the
four proper waves do not propagate, a selective reflection
takes place (Bragg reflection), while with four non-
propagating waves, a total reflection occurs which does
not fulfill the classical Bragg condition.

3. Normal incidence: secular equation and chart of
stability

In a first approximation, within the stratified medium,
the grain boundaries are not optically observable and
their thickness is neglected. Within this approximation,
the same contains a number N of uniaxial slabs of thick-
ness /,, which are stacked successively with a rotation
A between each of them, the local optical axis being
parallel to the boundary planes. Further, we consider a
plane wave incident on this set of N homogeneous layers
separated by N+ 1 planes at z=z, (n=0,1,...,N),
with the aim of finding out the analytic expression of
the proper wave vector, corresponding to the eigenwave,
within the periodic medium. We write the o-vectors at
the interface between two successive layers, (n — 1) and
(n), as shown in figure 2, as

(ie’re’io’ro)l’ a(Z;):(te’r;’to’r;)l (5)

where i, r,t correspond to the incident, reflected and
transmitted wave of the n plane, r' corresponds to the
reflected wave of the n+ 1 plane, and the indices e, o
correspond to the extraordinary and ordinary wave,
respectively. The continuity of the tangential components

azy )=
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Figure 2. Incident, reflected and transmitted wave in the
stratified medium.

of the vectors E and H is expressed by the relation
Bzt )= B(z; ) and with equation (3) we obtain

azp )=Ty ' To_1alzi) (6)

where T,_,, T, are the T-matrix of the layers (n— 1)
and (n), respectively. From equations (2) and (6), the
transfer matrix for the o-vectors between the planes
z=z, 1 and z =z, [corresponding to the (n — 1)-layer
and its second interface] is written as

U,_i :Rn,n_IPn_l (7)

with R,,_=T,'T,_; and where P,_; is a diagonal
transfer matrix for the homogeneous slab (n— 1). At
normal incidence, very simple expressions for T, and P,
are found as follows:

exp(ig, ) 0 0 0
0 exp(—ig,) 0 0
P,= )
0 0 exp(1¢, ) 0
0 0 0 exp(—ig,)
(8)
and
— COS @, Cos @, sin @, sin ¢, -
n, n, n, Jn,
T cos g, \n, —cos g, \n, —sing,\n, sing,n,
" sin @, sin @, Cos @, Cos @,
n, n, n, Jn,
sin @, \n,  —sing,\n,  cos@,\n,  —cos @, n,
9)

where ¢,=(n— 1)Ae¢, ¢, =k,n.l,, ¢, =kyn,l,, and n,
and n, are the local extraordinary and ordinary refractive
indices of the uniaxial medium, respectively. As expected,
P, is independent of n. For lossless media, the orthogonality
relations taken from ref. [ 17] between the columns of

the T-matrix allows us easily to obtain the inverse of
the matrix T, and then the matrix R,,_;=T;'T,_,
becomes

Ri_1
cos Ap 0 AsinAp BsinAg
0 cosAp  BsinAp AsinAg
|- AsinAp BsinAp  cosAg 0
BsinAp — AsinAg 0 cos Ap
(10)
with
1 n 1/2 n 1/2
ONMON
and

Since the rotation Ag between two successive slabs and
the slab thickness /, are constants, all the matrices U,
are identical to U, = R, , P,. Therefore, the propagating
matrix U, for the whole sample of thickness & confined
between two semi-infinite isotropic media (as for instance

glass) is
U=T "PWU)'T, (11)

where T, is the T-matrix for the isotropic media. As
equation (11) shows, the optical properties of the whole
sample are governed by the properties of the U, matrix.
The four eigenvalues of U, are r; = exp(ik;/, ), where &;
plays the role of a wave vector. Then, if r is one of {r; },
we easily prove that 1/r is also an eigen value of U, .
With y =r+ 1/r, the secular equation of U, is written
as

g=y'tay+b (12)
where a = — 2 cos Ag(cos ¢, + cos ¢,) and
b =2 cos® Ap(1+ cos ¢, cos ¢,)+ 2 cos ¢, Cos ¢,

- (E+ E) sin® Agsin ¢, sin ¢, — 2.
n, n,
The four solutions of equation (12) together with
y =r~+1/r are simple and can be written as
)ﬁ,zi(ﬁ,z_‘l‘)l/z _ai(az_‘l'b)l/z

rt = 5 with y, , = 5

(13)

From equation (13) it is easy to find the proper wave
vectors k;. As we see from above, a real k corresponds
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to a propagating wave (stable solution) and a complex
or purely imaginary k to an evanescent wave (unstable
solution). In figure 3, we give the chart of stability as
a function of Ag and ¢, which is the mean phase of
one homogeneous slab, ¢ = (¢, + ¢, )/2, (with n, =3 and
n, =2). The loci of the white, grey and black points
correspond to the cases where there are four, two and
zero propagating waves, respectively. A thick enough
sample gives total reflection within the black regions and
selective reflection within the grey regions. Three reflection
bans are observed. Let us consider the instability regions
(D and @ . For our analysis it is convenient to take the
usual definition of the slab thickness /,, and the pitch p
(or pseudo-pitch when the ratio 2m/A¢ is not an integer,
cf. the following section) of the TGB structures [4, 5]
as:

2T

A
l,=——¢ and p=

270 A" (14)

where 7i = (n, + n, )/2 is the mean refractive index. With
these definitions, it is easy to see that the first unstable
band D offigure 3 occurs when Ag/¢ = A/(7ip)~ 1, which
corresponds to the Bragg reflection. In fact in the Limits
Ap— 0 and ¢ — 0, a uniform rotation of the optic axis
is realized and the considered instability region of the
TGBA phase corresponds to the well known Bragg
reflection band in cholesterics.

The angle Ag is defined modulus T, since it gives the
direction of the optic axis of the slab. It follows that we
obtain an infinite number of instability regions in the
Ag direction. With this condition, the second reflection
band @ corresponds also to the first order Bragg
condition, but it describes the optical properties of a left
circular helix (Ap< 0) if the previous structure was right
handed (A¢> 0). These properties are confirmed in
figures 4(a) and 4(b) where a 2D-surface plot of the
transmittance for a dextrogyre (right) and levogyre (left)
incident polarization is given, respectively. The intensity
is represented with a brightness scale (black and white
corresponding to intensity values of 0 and 1, respectively)
as a function of ¢ and A¢, for a monochromatic wave
(2=0.6328 pm), and the sample data 4= 10 pm, p =0.3 pm,

{54

n, = 1.5 and n, = 1.66. This interference pattern is also
found periodically along the ¢-direction due to the
definition of ¢ in modulus 27t [ 18].

The third reflection band 3 appearing in the chart of
stability (see figure 3) is independent of the polarization
state as shown in figure 4. It occurs around ¢ = 7, and
is evidently due to the fact that the waves reflected by
any pair of boundary planes add coherently. It can also
correspond to the Bragg reflection of a medium of period
I, , when the optical path along one period is equal to a
half wavelength, despite the fact that here the period of
the superstructure is different. If /, is in the visible range,
this property allows us to obtain the value of the slab
thickness by an optical method. However, the fluctuations
of the /, value which exist at any equilibrium state,
within the TGB structures, can seriously destroy this
interference pattern.

Figure 4(c) represents a 2D-surface plot of the trans-
mission intensity between parallel polarizers as a function
of ¢ and Ag. A very large range of the pitch values is
obtained, and for Ap< 0.13¢, p is greater than 10 pm.
In these long pitch regions, the polarization follows the
orientation of the slab director: we are in the Mauguin
limit. The observed zero-transmittance corresponds then
to a o-polarized output wave. This limit is obviously
present in the cholesteric phase which is found by
assuming the parameters of the TGBA phase, Ap and ¢,
to be close to zero [19].

In our analysis, the TGBA structures are con-
sidered to be a discrete packing of homogeneous slabs.
Further, one of the most important problems which has
to be solved is connected with the commensurability of
the medium: i.e. to what extent an optical analysis can
differentiate the commensurable and the incommensurable
structures of the phase. By setting the rotation angle
to Ap =2m/a, three cases can be distinguished: (a) a is
an integer, (b) a is rational, (¢c) « is irrational. The
medium is commensurable in the first two cases while it
is incommensurable in the last case. It follows obviously
that the period of the system is a/, for (a), greater than
al, for (b) and infinite for (c). The reflection bands of
our system should follow this variation of the pitch.

Adp @ i
Meg

Figure 3. Chart of stability on one
slab at normal incidence as a SOF

function of the parameters of
the TGBA phase Ap and ¢

(n. =3 and n, =2). The white, @, g

gray and black regions corre-

spond to 4, 2, and 0 propagating 0
waves.

| :
) -
90 o/ deg 1§:43)
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Figure4. Transmission for (a) a left, (b) a right circular polarization of the incident light, and (c) intensity of the 7ot transmission
of a normally linear incident wave as a function of A¢, ¢ (n, = 1.66, n, = 1.5, 1 =0.6328 pm and 4 = 10 pm). The brightness
scale is related to the intensity value of the transmittance which is equal to 1 and 0 for white and black, respectively.

However, the chart of stability obtained over one slab is
a continuous function of the TGB parameters. This means
that the position of the reflection band and the actual
period of the medium are fully unrelated quantities. This
point can be explained by the fact that the reflection
band is found by making use of a rotating reference
frame, as usual for helical structures. The imaginary part
of the wave vector, giving the instability, is then obtained
for a medium which in any case appears periodic with
the period p = 270, /Ap = al, . The medium is then defined
with a true period in the (a) case and with a pseudo-
period in cases (b) and (c). This means that we cannot
predict the incommensurable properties of the TGB
phases directly by analysing the instabilities of one slab
at normal incidence.

In the laboratory frame, the real part of the wave
vector and the corresponding eigen vector are modified
when a variation of the TGB parameters occurs. This
suggests that we can find some other optical properties
which in particular are sensible to a small Ag variation.
This is shown in figures 5(a) and 5(b) which present the
reflection spectra and the optical rotation, respectively,
of two closed structures: the Sl-structure with Ap=
Ag, = 18° and the S2-structure with Ap= Ag, + dp with
Op~ 0.03°. The slight change in the rotation angle A
does not change the Bragg peak position, meaning that

the periodicity of the system remains the same. On the
other hand, some great changes happen in the rotation
of the transmitted beam which is elliptically polarized.
In a first approximation, the variation of the rotation
angle with g is just given by NOp (where N is the number
of TGB blocks in the sample). This A¢-sensibility is
present for any choice of Ag,. Moreover, ever more
critical effects are observed when the rotation angle Ag,
increases. Figures 5(c), and 5(d) show the reflection
spectra and the optical rotation for Ag, = 90°. For the
Sl-structure, the optical axis of each slab is orthogonal
to the next and the transmitted polarization is always
linear, while for the S2-structure the polarization properties
can be quasi-circular at the Bragg peak. This last effect is
independent of the sample thickness, because the output
polarization is strongly depolarized. However, for smaller
Ao angles, this effect becomes more observable as the
thickness increases, as expected.

4. TGBA phases at oblique incidence
The analysis made in §3 is not allowed for oblique
incidence, because all the transfer matrices U, of one
slab are not equal. Then, it is no longer possible simply
to have the transfer matrices for the whole sample U,
as a power of the matrix U, as in equation (11).
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Moreover, an analytical solution of the characteristic
equation of U, at oblique incidence does not actually
exist unfortunately, and we have to solve it numerically.
Let us consider a dielectric tensor which describes a
local uniaxial medium with the optic axis orthogonal to
the helix axis. With no limiting assumption that the
incident beam must be in the xy-plane, the Berreman
matrix for the » slab of thickness /, becomes
0 b,, 0 0
a,+*a, cos2p, 0 a, sin 2¢, 0

0 0 0 1

B,(pn) =

b, — a, cos 2@, 0
(15)

a, sin2q, 0

where a,=(s,+8)2, a =(—¢)2 b,=a,—p?,
b,=1-pi&", p,=n,sin6, (n, 6, are the refractive
index and the incident angle within the isotropic
medium, respectively) and ¢, is the azimuthal orientation
of the optic axis within the n-slab. We recall that this
method is the one used to describe a cholesteric phase
where ¢, and ¢ are the local ordinary and extraordinary
dielectric constants, respectively. If N is the number of
slabs within the whole sample, by following equation (2)
the transfer matrix U, is

U,

N
[T explik, B.(p.)l; 1. (16)
n=1

For the incommensurate structure a true period of the
medium does not exist and the computation is rather
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long because it must be done with the N slabs of the
sample. Further, we will only consider true periodic
structures (commensurable) in which the transfer matrix
can be evaluated over one pitch containing N, slabs.

Figure 6 shows some charts of stability constructed
numerically for the TGBA phase at oblique incidence.
They are represented as a function p/A and p;, for
different rotation angles Ap=2m/N, with N, =20(a),
4(b), 3(c) and the same parameters as in figure 3. Beside
the chart of stability, we show the rotation 6 of the
main axis of the output polarization for an incidence
angle of 45°. For small values of the rotation angle A
[cf. figure 6(a)], our simulations give similar charts of
stability to those obtained for cholesterics [16], as
expected. They show all types of instability within the
reflection band as the total and the Bragg reflection.
Further, it can be seen that all the reflection bands of
order higher than one disappear when the incidence
angle goes to zero. This agrees with the well known
result which allows only one single band reflection at
normal incidence for cholesterics. Since the p/A range in
figure 6(a) corresponds to ¢ < T2, only one of the bands
given in figure 3 appears. As the rotation angle Ag
increases, figures 6(b) and 6(c), the ¢ range increases
and a second reflection band appears. This band corre-
sponds to another inversion of the optical rotation and
can consequently correspond to the Bragg condition.
This property has the same origin as the multiple Bragg
peak of order one shown previously and is therefore due
to the periodical properties of our system.

3.) pﬁzz_
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5. Conclusions

In this paper, we have studied some optical properties
of the TGBA phase at normal and oblique incidence
by analysing the instabilities of the progagating waves
and the reflection bands. The homeotropic geometry is
described and the Berreman 4 X 4 matrix approach is
used. For a normally incident beam, the transfer matrix
and the secular equation for one slab of the TGBA
structures are found analytically. The discussion of the
commensurable properties of these structures is a false
debate since no links have been established between
the true period of the medium and the reflection band
patterns. However, with a fine analysis of the Bragg
peak in the visible range, we can obtain the structural
parameters of the TGBA phase. This determination is
allowed for large pitch and rotation angle. However,
that case it is not yet compatible with the actual para-
meters of the TGBA compounds. For a short period, only
the pitch value and the birefringence can be obtained
because the block size is too small to be seen optically.
For oblique incidence, the 4 x4 matrix numerical
approach is enough to find all kinds of instabilities of
the propagating waves in the sample. We then described
the chart of stability obtained in terms of Bragg and
total reflection bands. The general properties of the
TGBA phase are very similar to those of the cholesteric
phase when the parameters Ap and ¢ go to zero. The
principal optical difference appears when A¢ and ¢
increase: the Bragg reflection pattern reoccurs an infinite
numbers of times due to the periodic definition of the
parameters of the TGBA phase.

af°
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Figure 6. Chart of stability for the TGBA phase as a function of p? and p/A (left side), and of rotation angle 6 for an incidence
of 45° as a function of p/A (right side) with p = 0.3 um, d = 10p and N, =20, 4, 3 for (a), (b) and (c), respectively.



19: 09 25 January 2011

Downl oaded At:

1386 Optical Bragg reflection from T GBA phase

The author gratefully acknowledges Prof. Claudio
Oldano for fruitful discussions.

References

[1] Goopsy, J. W., WaUuGH, M. A., STEIN, S. M., CHIN, E.,
PINDAK, R., and PateL, J. S., 1989, Nature, 337, 449.

[2] Barors, P., NosiLi, M., and Petit, M., Mol. Cryst. Ligq.
Cryst (to be published).

[3] PramoD, P. A., PratiBA, R., and MADHUSUDANA, N. V.,
1997, Curr. Sci., 73, 761.

[4] Renn, S. R., and Lusensky, T. C., 1988, Phys. Rev. A,
38, 2132; Lusensky, T. C., and Renn, S. R., 1990, Phys.
Rev. A, 41, 4392.

[5] RenN, S. R., 1992, Phys. Rev. A4, 45, 953.

[6] DE Genngs, P. G., 1972, Solid State Commun., 10, 753.

[7] Ncuyen, H. T., BoucHTa, A., NAVAILLES, L.,
Barots, P., IsaerT, N., TWEIG, R. J., MAAROUFL A., and
DESTRADE, C., 1992, J. Phys. II Fr., 2, 1889.

[8] Imn, K. J., Zasapzinski, J. A. N., Pmpak, R.,
SLANEY, A. J., and GoopBy, J. W., 1992, Science, 258, 275.

[9] NavaiLie, L., Baros, P., and Ncuyen, H. T., 1993,

Phys. Rev. Lett., 1, 545.

[10] AxpaL, N., and RancanarH, G. S., 1995, J. Phys. II
Fr. 5, 1193.

[11] Jorry, G., and BiLLarp, J., 1981, J. Opt. (Paris), 12, 323;
JoLry, G., and BiLLarD, J., 1982, J. Opt. (Paris), 13,
227; JoLry, G., and BiLLarp, J., 1985, J. Opt. (Paris),
16, %({31, JoLry, G., and BiLLARD, J., 1986, J. Opt. (Paris),
17, .

[12] Yarwv, A., and Yen, P., 1984, Optical Waves in Crystals
(New York: John Wiley & Sons).

[ 13] BerreMAN, D. W., 1972, J. opt. Soc. Am., 62, 502.

[ 14] ALmman, C., and Sucny, K., 1991, Reciprocity, Spatial

Mapping and Time Reversal in Electromagnetics

(Dordrecht: Kluver Academic Publishers).

[ 15] Reesk, P. S., and LAKHTAKIA, A., 1990, Oprik, 86, 47.

[ 16] OLpaNo, C., MIRALDI, E., TAVERNA VALABREGA, P.,

1983, Phys. Rev. A4, 27, 3291.

[17] OLpano, C., 1983, Phys. Rev. A, 27, 3291.

[ 18] Husert, P., BEccHl, M., and OLbaNo, C. (unpublished
results).

[19] DE Vries, H., 1951, Acta Crystallogr., 4, 219.




